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Bio-transport in cancerous tumors
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@ Computational modeling of drug transport in tumors with uncertain material
properties
@ Governing equations
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@ Inverse problem: reconstruct material properties of tumor based on
measurements of concenration
e Optimal experimental design: Where to take measurements and at what

times for “optimal parameter reconstruction”
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Motivating example: Diffusive transport of a contaminant
with uncertain initial condition

@ Governing PDE (forward model):
advection-diffusion equation

@ Unknown/uncertain parameter: initial
concentration field

@ Inverse problem: Use a vector d of point
(sensor) measurements of concentration at final
time to reconstruct the intial state
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2D Model problem
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@ Forward problem: time dependent advection-diffusion equation

u — kKAu+v-Vu =0 in D x [0,T]
u(0,z) =m in D
kVu-n=0 on 0D x [0,T]

@ m: unknown initial condition

e v: velocity field
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Solution of the forward problem
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The inverse problem: reconstruct initial condition

The inverse problem of finding the unknown initial state based on sensor data

1
min 2| Bu(m) — d|* + 5 (Am, m)

where
u —kAu+v-Vu=0 in D x [0,7)

u(0,z) =m in D

kVu-n=0 on 9D x [0,T]
@ B3: observation operator
od=1[d{d} ---d.]", d;€R"™, ng,=number of sensors
@ wu linear in m, u = Sm = linear parameter-to-observable map: F = BS
@ Can rewrite the optimization problem as

min 7 (m) := %H]—'m — d? + 5 (Am,m)
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Solving the inverse problem

@ Derivative of J

DI (m)(m) = T (m + ) =0

= (F"(Fm —d) + aAm,m)

@ Action of F*
F*y = —p(+,0), where p is solution of the adjoint equation

—pe — V- (pv) — sAp = =By
p(T) =0
(vp+£KVp) - n=0

@ Optimality condition
(F*F+aA)ym=F'd ""ZL* (F*F +oA)m = F*d

Solve the linear system using an iterative method, e.g. conjugate gradient
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Solving the inverse problem: numerical results

Truth Sensor sites Reconstruction
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Solving the inverse problem: numerical results

Truth Sensor sites Reconstruction
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Optimal sensor placement as an optimal design problem

How to place sensors in an “optimal” way?

@ Can formulate the optimal sensor placement problem as an optimal
experimental design (OED) problem

@ Can consider a statistical formulation of the inverse problem

@ In addition to a reconstruction, we can also compute a statistical distribution
of the parameters, conditioned on experimental data

@ Find sensor locations so as to optimize the statistical quality of the
reconstructed /inferred parameter

@ In context of inverse problems a Bayesian formulation is natural
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Bayesian inference: Bayes' formula

Tpost (m|d) X Tllike (d|m)7rprior(m)

Tpost(m|d)  posterior pdf of m B
Tike(d|m)  pdf of d given m (data likelihood) ™
Tprior (M) prior pdf of m
pdf = probability density function o w e e e

Rev. Thomas Bayes Pierre-Simon Laplace

Bayes, T., An Essay towards Solving a Problem in the Doctrine of Chances. By the Late Rev. Mr. Bayes, FRS
Communicated by Mr. Price, in a Letter to John Canton, AMFRS. Philosophical Transactions, 1763.

Laplace, P.S., Théorie analytique des probabilités. 1820.
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Gaussian random variables

Consider a scalar valued random variable X

@ X is Gaussian with mean a and variance o%ifithaspdf

mx(z) = ﬁ exp (;2(95 _ a)2>

e Notation: X ~ N (a,0?)
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Gaussian random variables

Consider a vector valued random variable X

@ X is Gaussian with mean a and covariance matrix X if it has pdf

mx (@) = (2m) 2V exp (—é(w ~a)"E (2 - a))

0.08

—0.06 -
=

X
£0.04-

0.02 -

o Notation: X ~ N (a,X)
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Bayesian inference: a simple but important example

o Let m ~ N (mypr, 05,) with pdf 7y,

@ Linear model
y=am-+mn

with 7 ~ A (0, Onoise), independent of m
y|m ~ N (a'ma Unoise)
o Bayes' formula

m(mly) o< w(y|m)mp (m)

1 2 1 2
o exp <— T~ (am —y) ) exp ( 207, (m — mpr) )

—exp |~ (oralam = 1) + o - mpr>2)]
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High school algbra: completing the square

_2 2 —2 2
Unoise(am - y) + Tor (m - mp")

= 0pom(a’m? = 2amy + y?) + 0,2 (m® — 2mmp + m2)

—2
(a Gnoise + Upr )m — 2aan°iseym — 2(7pr mmey + ¢y

_ 2 _—2 -2 2 -2 -2
- (a noise T Tpr )m - 2(a’a-noisey + Tpr mP")m +ey

—2

9 post
= ap_oft (7112 -2 aﬁost (ao’n_oizey + crp_r2mp,) m) + ¢y
Mpost
0';03 (m — 2MmMpost + mpost) +éy = (r;oi(m — mpost)2 + ¢y

Back to Bayes' formula

m(mly) o« w(y|m)mpr(m) x exp [—; (Unoie(am y)? + Up_rg(m — mpr)2)]

1
o< exp (— 5—(m — mpost)2
2 post

posterior: |mly ~ N (mposta Ugost)
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Summary of linear case

Scalar case

e Gaussian prior: m ~ N (mpr,02)
@ Linear model:
y=am-+n
@ Gaussian noise: 7 ~ N (0, Tnoise)
o Posterior:

m|y ~ N (mposta O—gost)
with o I
Upost = (a O noise + Upr )

_ 2 -2 —2
Mpost = Upost(aanoisey + Upr mpr)
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Summary of linear case

Multivariate case

Gaussian prior:  m ~ N (mpr, prior)

@ Linear model:

y=Am+n
@ Gaussian noise: 17 ~ N (0, Tpoise)
@ Posterior:
me ~N (mposh Fpost)
with 1
I‘POSt - (ATFrTmseA + I‘I:“OY)_
Mpost = post (A I‘nollsey + FprlormP’)
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Gaussian linear case: remarks

Posterior pdf:
1 Tp—1
Tpost (M|Y) o exp —i(m = Mpost)” T'post (M — Mpost)

with
Tpost = (ATT L A+T )

noise prlor)

mpost - post (A Fn01sey + Fprlormpr)
@ Finding mpest: solve the linear system

(ATT 2 A+T 1

noise prior

T
)mpost =A ansey + Fprlor pr

SPD coefficient matrix; iterative methods for large-scale problems

o Note:
Mpost = arg m’r?z‘x 7T-post(’rn‘y)

Mpost = the maximum a posteriori probability (MAP) estimator
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Simple example: polynomial data fitting

e Fitting a line y(t) = my + mot to measurement data y;, i = 1,...,n
1 % (1
1 t Y2
A=, ) y=|" m = |:m1:|
Do : m2
1ty Yn

@ Linear model
Am+n=y
@ Gaussian prior N (mr, Lprior) and noise n ~ N (0, Tyoise)
@ Sample problem setup n = 20, data generated from a true model
m = (.25,1.5) and we use

0 2
Mpr = |:1 Fprior = Opr Izx2,  Thoise = Onoise I20x20

with
Opr = .5 Onoise = -2457

Alen Alexanderian (NCSU) OED for inverse problems July 30, 2019 16 / 40



Simple example: polynomial data fitting (continued)

Problem Data

Response, y

0.5;
= = True Model
r . Predicted Model
* * Measurements
O L L L L J
0 0.2 0.4 0.6 0.8 1

Time, t
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Simple example: polynomial data fitting (continued)

Prior and Posterior I?istribution

R A
0.57 ’ o * posterior

-1 0 1 2
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Simple example: polynomial data fitting (continued)

m, marginal pdf m, marginal pdf
15~
1-
0.5~
-0.5 0 0.5 1 1.5 2 25
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Bayesian approach to inverse problems

Physical /biological process

F(m)—d

@ [’ — physical process
@ m — uncertain parameter; usually not directly observable

@ d — results/observation (data)

Mathematical model:
fm)+n=d

o f — forward mapping (mathematical model), aka parameter-to-observable
map

@ 77 — measurement or model errors

Goal: Combine model, data, and prior knowledge to estimate m

Alen Alexanderian (NCSU) OED for inverse problems July 30, 2019 20 /40



Modeling and decision making under uncertainty

——————
Input parameter m

AN

Mathematical Model
A(m,u) = f

———
Quantity of interest
q(m)
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Modeling and decision making under uncertainty

——————
Input parameter m

y N
[ prior \

Bayesian inversion g
“ ‘\:l Tpost (m|d) o Tike (d|m)mo (m) ]‘—[Expenmental data d]

posterior

Tike (d|M) = Trnoise (Bu — d)

———
Quantity of interest
q(m)

/A
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Modeling and decision making under uncertainty

——————
Input parameter m

N

Quantity of interest Design of experiments
) it [ [l )] ()

& © experimental design

| W: design objective/criterion
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Modeling and decision making under uncertainty

————
Input parameter m A -

JAN

Design of experiments
mﬁin/‘ll[‘lrpm(mw;f)] 7(d)dd

£ : experimental design
W: design objective/criterion

———————
Quantity of interest
q(m, z)

Optimal control/design
under uncertainty

eg. mzin/q(m,z)y(dm)
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Bayesian linear inverse problems

Assume linear parameter-to-observable map and additive Gaussian noise:
d=Fm-+n, m~N(0,T L)

Likelihood:

LFm — d) T (Fm— d)}

- 5 noise

Tike (d|M) x exp {

Gaussian prior:

o (m) x exp(— %mTF;rliorm)
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Bayesian linear inverse problems

For Bayesian linear inverse problem with Gaussian prior and noise, the posterior
pdf is

ﬂ-Post(m|d) X exXp {_%(m - mMAP) (FTF;()llseF + F;rior)(m - mMAP)}

= Upost = N (mMAPu 1-‘post)

Loy =FIT 0 F+T 1
N———

= Dgn(_ 10g ﬂ-post))

noise prior (_

Hmisfit

mMAp—argmmeFm d||1,1 + = <I‘ m>

pI‘lOI‘

Alen Alexanderian (NCSU) OED for inverse problems July 30, 2019 23 /40



Bayesian inversion of the initial condition for 2D

advection-diffusion equation

@ Posterior mean, and posterior variance

truth posterior mean posterior std deviation

-
_

| {s0

Flao
30
20
10
o
10

@ Posterior samples
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optimal experimental design problem

A grid of candidate locations for observation points

o Experimental design: locations of observation points / sensors

1, y TN

design := s
Wi,y ..., Wny
o Bayesian inversion:

data + likelihood, prior = posterior distribution of inversion parameter
e Optimal experimental design (OED):
Find sensor locations that result in minimized posterior uncertainty
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Mathematical /computational challenges

@ The inference problem is in an infinite-dimensional space

@ Need to compute functionals of posterior covariance (inverse of Hessian,
large, dense, expensive matvecs)

@ With nonlinear inverse problems we are led to a bilevel optimization problem
@ Optimal experimental design problem can have combinatorial complexity
e Conventional OED algorithms intractable for large-scale problem (due to

high-dimensional parameters, expensive-to-evaluate PDE-based
parameter-to-observable map, ...)
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Optimal experimental design

@ A-optimal design:

Minimize “average variance” of parameter function m

e Covariance function: ¢(z,y) = Cov{m(z),m(y)}
o Covariance operator:

[Coosett] () = / o, y)uly) dy

D
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Optimal experimental design

@ A-optimal design:

Minimize “average variance” of parameter function m

e Covariance function: ¢(z,y) = Cov{m(z),m(y)}
o Covariance operator:

[Coosett] () = / o, y)uly) dy

D

@ Variance of m at a given x:

Var{m(x)} = c¢(x, x)
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Optimal experimental design

@ A-optimal design:
Minimize “average variance” of parameter function m

e Covariance function: ¢(z,y) = Cov{m(z),m(y)}

o Covariance operator:

[Coosett] () = / o, y)uly) dy

D

@ Variance of m at a given x:
Var{m(x)} = c¢(x, x)

@ Average variance:
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Optimal experimental design

@ A-optimal design:
Minimize “average variance” of parameter function m

e Covariance function: ¢(z,y) = Cov{m(z),m(y)}

o Covariance operator:

[Coosett] () = / o, y)uly) dy

D

@ Variance of m at a given x:
Var{m(x)} = c¢(x, x)

@ Average variance:

/D c(x, z) dx = tr(Cpost)
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Optimal experimental design

@ A-optimal design:
Minimize “average variance” of parameter function m

Covariance function: ¢(z,y) = Cov{m(x), m(y)}

Covariance operator:

[Coosett] () = / o, y)uly) dy

D

Variance of m at a given «x:

Var{m(x)} = c¢(x, x)

Average variance:

/D c(x, z) dx = tr(Cpost)

Optimal design criterion:
Choose a “design” to minimize tr(Cpost)

Alen Alexanderian (NCSU) OED for inverse problems July 30, 2019



A-optimal experimental design with sparsity control

minimize tr[Lpost (w)] + 7P (w)
weRNs (*)

subject to 0<w<1

o Tpost(w) = (0, 2 F*WF + I‘;rlior)*l, W: diagonal matrix with w; on its
diagonal

o P(w): penalty term, v > 0 (e.g., P(w) = >_, wj)

Theorem

If the penalty function P is convex, then there exists a unique solution for the
optimization problem ().

@ Need trace of inverse Hessian and its derivative

@ Need many applications of the forward operator F =  many PDE solves
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Randomized trace estimation

A € R™"™ — symmetric

Trace estimator:

Ttr

1
tr(A) = — E 2l Az;, z; — random vectors
Ny 2
i=1

Gaussian trace estimator: z; independent draws from A/ (0,1)
For z ~ N (0,1)

E{zTAz} =tr(A)  Var{zTAz} =2|A|}

Efficient means of approximating trace of posterior covariance
M. Hutchinson, A stochastic estimator of the trace of the influence matrix for Laplacian smoothing
splines (1990).
H. Avron and S. Toledo, Randomized algorithms for estimating the trace of an implicit symmetric positive

semi-definite matrix (2011).
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A-optimal design: the objective function

@ Randomized trace estimator:

1 N
tr[l"post NZ Zz, post zz) - (b( )

@ z; random vectors (e.g. Gaussian)
e Note: T'post = H™?

H=0¢2FWF+TI_!

O noise prior

= Hmisflt( ) +T :

prior

(for notational convenience, let opoise = 1 from now on)
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Application of inverse Hessian

@ Inverse of the Hessian:
_ 1 -1
H!'= (Hmisfic + I‘prlior)

_ /2 (F1/2 Hmisfitrl/Q +I)71 rl/2

prior prior prior prior

Hisfit
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Application of inverse Hessian

@ Inverse of the Hessian:
_ 1 -1
H!'= (Hmisfic + I‘prlior)

_ /2 (F1/2 Hmisfitrl/Q +I)71 rl/2

prior prior prior prior

Hisfit

@ Low-rank approximation:

I
- N .
Hoisfie = E Aiv;v;
=1

Alen Alexanderian (NCSU) OED for inverse problems July 30, 2019 31/40



Application of inverse Hessian

@ Inverse of the Hessian:
H!'= (Hmisfic + I‘;rlior)
_ 2 (F1/2 Hmisﬁtrl/Q +I)71 /2

prior prior prior prior

—1

Hmisfit
@ Low-rank approximation:

I
- N .
Hoisfie = E Aiv;v;
=1

o Efficient H™! apply:

Hlqg~T) (V,A Vi +1) T q
=T (I-V,D,V/)T.Z ¢  (Sherman-Morrison-Woodbury)

o D =diag{\1/(T+A),.... 0 /(1+)\)}

Alen Alexanderian (NCSU) OED for inverse problems July 30, 2019 31/40



A-optimal design: the gradient

Objective function: ¢p(w) = = SN (2, q;) q;, = H '(w)z;
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A-optimal design: the gradient

Objective function: ¢p(w) = = SN (2, q;) q;, = H '(w)z;
o Gradient:

;;H (w) = —H™" (w)2;H (w)H " (1) = ~H " ()0 it (w)H " ()

1

N
8w3 ; (q;, O;Hmishieq;) Jj=1,..., N
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A-optimal design: the gradient

Objective function: ¢p(w) = = SN (2, q;) q;, = H '(w)z;
o Gradient:
0

oy B () = —H ()0 H(w) B ) = ()0 Hyia(10) B (1)

1 N
Z qzaameisfitqi> j=1,...,Ng
z:l

3w]
@ For each i, need one application of parameter-to-observable map F':
F T T T \T
= (dy,dy,. . dy )",
where dg = (d},d?,...,dN:)T. Then,

ERAar- B

N,
(@;, 0;Hmisfitq;) = Z dd.
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The forward operator

@ Need many forward solves in the optimization process
o Idea: F is low-rank (often)
o Note:
F= B S
-~ <~

observation operator solution operator

o ldea: compute a low-rank SVD surrogate for F
F=UxV"

Randomized SVD:

Independent matvecs (forward/adjoint) — can do in parallel
Simple but very robust algorithms

Backed by rigorous theory

Almost deterministic behavior

N. Halko, P.G. Martinsson, J.A. Tropp, Finding Structure with Randomness: Probabilistic Algorithms for
Constructing Approximate Matrix Decompositions. SIAM Review (2011).
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Randomized SVD for forward operator

o Idea: F is low-rank (often); better idea: F = Fl";f?or is even more so ...

o /o1

1075

- - - spectrum of F f

—— spectrum of F
e

10—8 T Tl L
100 10t 102
k

SVD surrogate for F = no forward PDE solves in OED algorithm
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A-optimal design: computational cost

At the cost of an upfront SVD for F:
@ No PDE solves in the optimization process
o Efficient computation of cost/derivatives

@ Independent of temporal/spatial mesh
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A-optimal design: numerical results

@ Sensor allocation

...............
Py m s e e
TOOO0.0.00.0.
........
Tooooooo o o
N P
I ..
£ 20 PR
oo oot le e ..
LR Lo,
oo e leleleles ..
LR
T oo eo’eo oo oo o
G,
P o e e e s e o 0o 00 0 e
S,
1 e o 0,0, 0,0 0
R . ..y
1 oee o e e, 0.0 o
AR e,
T sLeleieiee
toe., o e e e o o
LRUL UL L S L S5 L R SR R
...............

@ Weight distribution
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A-optimal design: the variance field

Sub-optimal
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A-optimal design: the variance field

Sub-optimal
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A-optimal design: the variance field

Sub-optimal
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OED for 3D model (parameter dim ~ 1

A. Alexanderian, N. Petra, G. Stadler, and O. Ghattas. A-optimal design of experiments for

infinite-dimensional Bayesian linear inverse problems with regularized ¢°-sparsification. SISC. 2014.
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Summary and outlook

Summary:

@ Bayesian approach to inverse problems
@ A-Optimal sensor placement for PDE-based Bayesian linear inverse problems
@ Scalable algorithms

o Efficient computation of OED objective/gradient (randomized methods in
numerical linear algebra, low-rank approximations, ...)

Outlook:

@ OED for nonlinear inverse problems governed by PDEs
@ Goal oriented OED (OED for prediction)

@ OED under model uncertainty
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Further reading

Books on OED:
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A. C. Atkinson and A. N. Donev. Optimum Experimental Designs. 1992.
F. Pukelsheim. Optimal Design of Experiments. 1993.
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